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13 D.c. circuit theory

At the end of this chapter you should be able to:

e state and use Kirchhoff's laws to determine unknown currents
and voltages in d.c. circuits

e understand the superposition theorem and apply it to find
currents in d.c. circuits

e understand general d.c. circuit theory

e understand Tévenin's theorem and apply a procedure to
determine unknown currents in d.c. circuits

e recognize the circuit diagram symbols for ideal voltage and
current sources

e understand Norton’s theorem and apply a procedure to
determine unknown currents in d.c. circuits

e appreciate and use the equivalence of thévEmin and
Norton equivalent networks

e state the maximum power transfer theorem and use it to
determine maximum power in a d.c. circuit

The laws which determine the currents and voltage drops in d.c.
networks are: (a) Ohm'’s law (see Chapter 2), (b) the laws for resistors
in series and in parallel (see Chapter 5), and (c) Kirchhoff's laws (see
Section 13.2 following). In addition, there are a number of circuit
theorems which have been developed for solving problems in electrical
networks. These include:

(i) the superposition theorem (see Section 13.3),
(i) Thévenin's theorem (see Section 13.5),
(i) Norton's theorem (see Section 13.7), and
(iv) the maximum power transfer theorem (see Section 13.8).

Kirchhoff's laws state:

(@) Current Law. At any junction in an electric circuit the total current
flowing towards that junction is equal to the total current flowing
away from the junction, i.e. I = 0
Thus, referring to Figure 13.1:

Ii+I=13+14+1s or I1+1—13—14—15s=0

(b) Voltage Law. In any closed loop in a network, the algebraic sum
of the voltage drops (i.e. products of current and resistance) taken
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Ei o around the loop is egual to the resultant em.f. acting in that loop.
—l<l| - Thus, referring to Figure 13.; — E; = IRy + IRy + IR3
(Note that if current flows away from the positive terminal of a
source, that source is considered by convention to be positive. Thus
moving anticlockwise around the loop of Figure 132,is positive
andE; is negative.)

Problem 1. (a) Find the unknown currents marked in Figufe
13.3(a). (b) Determine the value of e.m&f.in Figure 13.3(b).

(&) Applying Kirchhoff’s current law:
For junction B: 50= 20+ I;. Hencel; = 30 A
For junction C: 20+ 15=1,. Hencel, =35 A
For junction D: I, =13+ 120
i.e. 30=13+ 120 Hencelz; = —90 A
(i.e. in the opposite direction to that shown in Figure 13.3(a))
For junction E: I,+13=15
i.e. I4=15-(—-90). Hencel, = 105 A
For junction F: 120= Is5 + 40. Hencels = 80 A

(b) Applying Kirchhoff's voltage law and moving clockwise around the

Figure 13.3 loop of Figure 13.3(b) starting at point A:
E__I_ 3+6+E—-4=0)2)+ )25 + ()(A5) + (H(Q)
= Fo=2V —I12+25+15+1)
[]H:4Q i.e. 54+ E =2(7), sincel =2 A
r-20 10 Hence E=14-5=9V
Problem 2. Use Kirchhoff's laws to determine the currents

flowing in each branch of the network shown in Figure 13.4.

Figure 13.4
) 1’2 Procedure
E= . N -
ﬂ__1 4V (Iy+1p) JiEgzzv 1 Use Kirchhoff's current law and label current directions on the original
- (oo (o0 - circuit diagram. The directions chosen are arbitrary, but it is usual, as a
1 []H:m 2 starting point, to assume that current flows from the positive terminals
=20 \ =10 of the batteries. This is shown in Figure 13.5 where the three branch
! 2 currents are expressed in termsl/gfand I, only, since the current
throughR is I1 + I>.

2 Divide the circuit into two loops and apply Kirchhoff's voltage law to
Figure 13.5 each. From loop 1 of Figure 13.5, and moving in a clockwise direction
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as indicated (the direction chosen does not matter), gives

E{=1ir1+ (11 —|—12)R, ie. 4= 211 +4(11 +12),
ie. 6 +4l,=4 1)
From loop 2 of Figure 13.5, and moving in an anticlockwise direction
as indicated (once again, the choice of direction does not matter; it

does not have to be in the same direction as that chosen for the
first loop), gives:

E; =Ioro+ (I1+12)R, i.e. 2=14+ 41+ 1),
i.e. 41 +51,=2 2
3 Solve equations (1) and (2) féx and /.
2x (1) gives: 12,+8I,=38 3)
3x(2) gives: 12;+ 15, =6 (@)
2
(3) — (4) gives: —7I, = 2 hencel;, = == —0.286 A
(i.e. I is flowing in the opposite direction to that shown in
Figure 13.5.)

From (1) 61 + 4(—0.286) = 4
6l, =4+ 1.144

5.144
Hence I;= 5 =0.857 A

Current flowing through resistandeis
I1+ 1, =0.857+ (—0.286) = 0.571 A

Note that a third loop is possible, as shown in Figure 13.6, giving a third
equation which can be used as a check:

El—Ezzlll’l—Igl’g
4-2=211—-1,
2=2I, -1,

[Check: 21 — I, = 2(0.857) — (—0.286) = 2]

Jps-s<

L Problem 3. Determine, using Kirchhoff's laws, each branch
£ *4\7|- Ro=2Q current for the network shown in Figure 13.7.
\=

1 Currents, and their directions are shown labelled in Figure 13.8
Figure 13.7 following Kirchhoff's current law. It is usual, although not essential,
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to follow conventional current flow with current flowing from the

.]..52 Y positive terminal of the source.
(?é‘Q 2 The network is divided into two loops as shown in Figure 13.8.
2_29 Fa=50 Applying Kirchhoff's voltage law gives:
E1—4V ._oop \iy For loop 1:
E1+E; =1hR1 + 3R,
Figure 13.8 i.e. 16=0.5I; + 21, Q)
For loop 2:
E; =12Ry — (I1 — 12)R3
Note that since loop 2 is in the opposite direction to curdgnt(/,),
the volt drop acros®; (i.e. (1 — I2)(R3) is by convention negative).
Thus 12= 2[, — 51— 1) i.e. 12= -5, + 71, (2)
3 Solving equations (1) and (2) to find and/;:
10 x (1) gives 160= 5/, + 20I, 3)
172
(2) + (3) gives 172= 27I, hencel, = 57 = 6.37 A
From (1): 16= 0.5/1 + 2(6.37)
16— 2(6.37)
=——=652A
1=8A ! 05
2Q 140 Current flowingin Rz3=1; — I, =652—6.37=0.15 A
54V Problem 4. For the bridge network shown in Figure 13.9 deter-
110 30 mine the currents in each of the resistors.
Figure 13.9 Let the current in the 22 resistor bel 1, then by Kirchhoff's current law,

the current in the 142 resistor is [ — ;). Let the current in the 3%
resistor bel, as shown in Figure 13.10. Then the current in the11
resistor is {1 — I2) and that in the 32 resistor is [ — I1 + I). Applying
Kirchhoff's voltage law to loop 1 and moving in a clockwise direction as
shown in Figure 13.10 gives:

54V 54 =211 + 1111 — I)

ie. 13, — 11, =54 1)

Applying Kirchhoff's voltage law to loop 2 and moving in an anticlock-

Figure 13.10
g wise direction as shown in Figure 13.10 gives:

0=21; + 32, — 141 — I)
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However [ =8A

Hence 0=2/,+32[, — 148 —1,)

i.e. 16/, + 32/, = 112 2
Equations (1) and (2) are simultaneous equations with two unknowns,
I, and 1.

16 x (1) gives: 208, — 176/, = 864 3)

13 x (2) gives: 208; + 416, = 1456 4)

(4) — (3) gives: 592, = 592

Inh=1A

Substituting for/, in (1) gives:

131, —11=54
65
ILh=-—-=5A
1= 13770
Hence,

the current flowing in the 22 resistor =1; =5 A

the current flowing in the 14 resistor=7/—-1;, =8—-5=3 A

the current flowing in the 32 resistor=1, =1 A

the current flowing in the 112 resistor=1; — I, =5—1=4 A and

the current flowing in the R resistor =1 —I1; +1, =8—-5+1
=4 A

Further problems on Kirchhoff’ slaws may be found in Section 13.10, prob-
lems 1 to 6, page 189.

13.3 The superposition The superposition theoremstates:

theorem _ _ .
In any network made up of linear resistances and containing more than

one source of em.f., the resultant current flowing in any branch is the
J_ E—av J_ £,_oy  algebraic sumof the currents that would flow in that branch if each source
= 2 was considered separately, all other sources being replaced at that time
[] R40 by their respective internal resistances.’

=20 =10
Problem 5. Figure 13.11 shows a circuit containing two sources
of e.m.f., each with their internal resistance. Determine the current
in each branch of the network by using the superposition theorgm.

Figure 13.11
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I I Procedure:

Eav Io 1 Redraw the original circuit with sourcg, removed, being replaced
LRA— by r, only, as shown in Figure 13.12(a).
R=40Q || =10
[] [] ’ 2 Label the currents in each branch and their directions as shown in

e Figure 13.12(a) and determine their values. (Note that the choice of
current directions depends on the battery polarity, which, by conven-
(@) tion is taken as flowing from the positive battery terminal as shown.)
/ R in parallel withr, gives an equivalent resistance of:
:
4x1
E=av = i1 =08Q
oo N
20 From the equivalent circuit of Figure 13.12(b)
Eq 4
I = = =1429 A
(b) YT +08 2408
Figure 13.12 From Figure 13.12(a)

1 1
Ih=|—|1I1==(1.429 =0.2 A
, (4+1) 1= (1429 = 0286

and

4 4 L
I3 = (m) I, = 5(1.429) = 1.143 A by current division

3 Redraw the original circuit with source; removed, being replaced
by r1 only, as shown in Figure 13.13(a).
4 Label the currents in each branch and their directions as shown in

Figure 13.13(a) and determine their values.
r1 in parallel withR gives an equivalent resistance of:
1.333 QL]
2x4 8
=10 =—-=1333Q
2 214 6
) From the equivalent circuit of Figure 13.13(b)
. E; 2
Figure 13.13 Iy = = =0.857 A
g / / 4= 1333+, 1333+1
6 4

| B

'-—-<——T———<‘j

;
[ P
) 5 Superimpose Figure 13.13(a) on to Figure 13.12(a) as shown in
Figure 13.14 Figure 13.14.

From Figure 13.13(a)

2 2
Ie=——)1,=—-(0.857) =0.286 A
5 (2+4> 4 6( 7)

P Rl SNV S

*--~-
)
| S
fi
L
¥

|
|
1
L

4 4
ls=(-——)1,=-(0.857) = 0571 A
6 (2+4) 4= (0857 =05

f PP
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6 Determine the algebraic sum of the currents flowing in each branch.
Resultant current flowing through source 1, i.e.

I —Ig=1429- 0571
= 0.858 A (discharging)

0.858A ~ 0.286A Resultant current flowing through source 2, i.e.

0572A |[E,=2v I4—13=0.857—1.143

R=40 = —0.286 A (charging)
[=2Q =10 Resultant current flowing through resist®y i.e.

I, + 15 = 0.286+ 0.286

m
1
=
1

Figure 13.15 =0.572 A

The resultant currents with their directions are shown in Figure 13.15.

fFo=3V Problem 6. For the circuit shown in Figure 13.16, find, using the
E=8V superposition theorem, (a) the current flowing in and the pd acrgss
18Q[] the 18 resistor, (b) the current in the 8 V battery and (c) thg
30 50 current in the 3 V battery.

1 Removing sourc&, gives the circuit of Figure 13.17(a).

Figure 13.16 2 The current directions are labelled as shown in Figure 13.17{a),
flowing from the positive terminal of;.

l
—— E 8
E-av| L From Figure 13.17(b)1 = ——+ — — — 1667 A

[] 3+18 438
18 Q
18 18
20 From Figure 13.17(a), = (7> Iy = --(1.667) = 1.500 A
30 g ( )12 2+18 1 20( 7)
' and 1—( 2 >1—2(1667)—0167A
(@) *7\2¢18) 20 T T
" 3 Removing sourc&; gives the circuit of Figure 13.18(a) (which is the
E1:8V| same as Figure 13.18(b)).
[ %:1_39 4 The current directions are labelled as shown in Figures 13.18(a) and
o 13.18(b),14 flowing from the positive terminal of;
3
From Figure 13.18(c),/s = 2 _ 3 _oes6a
g SO T 242571 4571

Y From Figure 13.18(b),/s = ( 18 )I = 18(0 656) = 0.562 A
Figure 13.17 TS T A3y T 21 Y T
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]

[

[]18(2

utl
Is
Figure 13.18

13.4 Gene

(h+15)

]18!2

3x18

3x 18:2.571 Q

(©

ral d.c. circuit
theory

(I3~ 1g)

j-(l2+ Iy)
Ei-8 J_V E=3V

[]18(2

30 20
Figure 13.19
20
e A
A1 :
10\7|'

Figure 13.20

3 3

5 Superimposing Figure 13.18(a) on to Figure 13.17(a) gives the circuit
in Figure 13.19.

6 (a) Resultant current in the 1B resistor= I3 — I
=0.167— 0.094
=0.073 A
P.d. across the 18 resistor= 6.873 bdiBery1.314 V

=1+ Is = 1667 ¥ b&6y
= 2.229 A (discharging)
=1+ I, = 1500+ 0.656
= 2.156 A (discharging)

(b) Resultant current in th

(c) Resultant current in th

Further problems on the superposition theorem may be found in
Section 13.10, problems 7 to 10, page 190.

The following points involving d.c. circuit analysis need to be appre-
ciated before proceeding with problems usingg¥énin’s and Norton’s
theorems:

(i) The open-circuit voltageE, across terminals AB in Figure 13.20
is equal to 10 V, since no current flows through th& Zesistor
and hence no voltage drop occurs.

(i) The open-circuit voltage,E, across terminals AB in Figure
13.21(a) is the same as the voltage across tkerésistor.
The circuit may be redrawn as shown in Figure 13.21(b).

6
E= (m) 0

by voltage division in a series circuit, i.& = 30 V
(iii) For the circuit shown in Figure 13.22(a) representing a prac-
tical source supplying energy, = E — Ir, whereE is the battery
e.m.f.,V is the battery terminal voltage amds the internal resis-
tance of the battery (as shown in Section 4.6). For the circuit
shown in Figure 13.22(b)}Y = E — (—Dr,i.e.V=E +1Ir

The resistance ‘looking-in" at terminals AB in Figure 13.23(a)
is obtained by reducing the circuit in stages as shown in
Figures 13.23(b) to (d). Hence the equivalent resistance across
ABis 7 Q

(iv)
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40 A

60 E
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)

Figure 13.21
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(b)
Figure 13.22

v)

(vi)

(Vi)

(viii)

(ix)

For the circuit shown in Figure 13.24(a), thetBresistor carries
no current and the p.d. across theQ@esistor is 10 V. Redrawing
the circuit gives Figure 13.24(b), from which

E:(i) x10=4V
4+6

If the 10 V battery in Figure 13.24(a) is removed and replaced by
a short-circuit, as shown in Figure 13.24(c), then th&2fesistor
may be removed. The reason for this is that a short-circuit has zero
resistance, and 22 in parallel with zero ohms gives an equivalent
resistance of:(20 x 0/20+ 0), i.e. 0. The circuit is then as
shown in Figure 13.24(d), which is redrawn in Figure 13.24(e).
From Figure 13.24(e), the equivalent resistance across AB,

_6x4
- 6+4

To find the voltage across AB in Figure 13.25:
Since the 20 V supply is across thefband 15 resistors in
series then, by voltage division, the voltage drop across AC,

+3=24+3=54Q

r

5
Vie=[—-) 20 =5V
Ac (5+15)( )

Similarly, Vep = ( (200 =16 V.

243)
V¢ is at a potential of+20 V.
Va=Vec—Vic=4+20—5=15V and
Vg=Vc—Vpc=420—-16=4V.

Hence the voltage between ABVs, — Vp =15—4 =11V and
current would flow from A to B since A has a higher potential
than B.

In Figure 13.26(a), to find the equivalent resistance across AB
the circuit may be redrawn as in Figures 13.26(b) and (c). From
Figure 13.26(c), the equivalent resistance across

_ 5x15 N 12x 3

5415 12+3

In the worked problems in Sections 13.5 and 13.7 following, it
may be considered that &henin’s and Norton’s theorems have

=3754+24=6.15Q

180 30 30
80 A A A A
2Q+18Q ' 20x5 30+40
EE e -~ 20+574Q T
B -oB ©oB B
(a) (b) (c) ()

Figure 13.23



176 Electrical Circuit Theory and Technology

60 30 6Q 30
A A
200 (4 10 L
OB —O0B
(c) (d)
A
A A A
Q Q
° N 59 159 50 50 50 50
c D [ D o} D D
120 30 120 30
120 30 120 A 30 = =
B
(a) (b) ()
20V H
Figure 13.26
Figure 13.25

13.5 Thevenin’'s theorem

no obvious advantages compared with, say, Kirchhoff's laws.
However, these theorems can be used to analyse part of a circuit
and in much more complicated networks the principle of replacing
the supply by a constant voltage source in series with a resistance
(or impedance) is very useful.

Thévenin's theoremstates:

‘The current in any branch of a network is that which would result if an
e.m.f. equal to the p.d. across a break made in the branch, were introduced
into the branch, all other em.f.’s being removed and represented by the
internal resistances of the sources.’

The procedure adopted when usingéVhnin's theorem is summarized
below. To determine the current in any branch of an active network (i.e.
one containing a source of e.m.f.):

(i) remove the resistance from that branch,
(i) determine the open-circuit voltag€, across the break,
(iii) remove each source of e.m.f. and replace them by their internal
resistances and then determine the resistancmoking-in’ at the
break,

(iv) determine the value of the current from the equivalent circuit shown

in Figure 13.27, i.el =
R+r

Problem 7. Use Tévenin’s theorem to find the current flowing
in the 10 resistor for the circuit shown in Figure 13.28(a).

Following the above procedure:

(i) The 10 resistance is removed from the circuit as shown in
Figure 13.28(b)
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(ii)

-

— L

I
uy]

Figure 13.27 (iii)

There is no current flowing in the ® resistor and current; is
given by:

10 10

[, = = — =
'“"Ri+R, 2+8

1A

P.d. acros®;, =I1R, =1x8=8V

Hence p.d. across AB, i.e. the open-circuit voltage across the break,
E=8V.

Removing the source of e.m.f. gives the circuit of Figure 13.28(c).

RiR 2x8
142 :5+L

Ri+R> 2+8

=5+16=66Q

Resistancer = R3 +

The equivalent TBvenin’s circuit is shown in Figure 13.28(d).

8 8 =0.482 A

Current/ = = =
R+r 10466 166

Hence the current flowing in the 19 resistor of Figure 28(a) is
0.482 A

Problem 8. For the network shown in Figure 13.29(a) determipe
the current in the 0.82 resistor using Tévenin’s theorem.

Ri=2 O R>=8 Q - (I)
B
© (ii)
1
A
E=8V
6.6 O R=10 Q
B (iii)
(d)
Figure 13.28
(iv)

Following the procedure:

The 0.8Q2 resistor is removed from the circuit as shown in
Figure 13.29(b).
12 12 5
11514 10 2A°
P.d. across 42 resistor=4/1 = (4)(1.2) =48 V
Hence p.d. across AB, i.e. the open-circuit voltage across AB,

E=48V

Current], =

Removing the source of e.m.f. gives the circuit shown in
Figure 13.29(c). The equivalent circuit of Figure 13.29(c) is shown
in Figure 13.29(d), from which,

4
x6_24 540
416 10

resistance =

The equivalent Thvenin’s circuit is shown in Figure 13.29(e), from
which,
E 4.8 4.8

current/ = = -
r+R 24408 * 3.2
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5Q
12V 40 R=08Q
1Q
(a)
Figure 13.29

E=22y A
R=402
r=40
B
(d
Figure 13.30

I =1.5 A = current in the 0.8 Q resistor

Problem 9. Use Tévenin's theorem to determine the currdnt
flowing in the 4Q resistor shown in Figure 13.30(a). Find also th
power dissipated in the & resistor.

4%

Following the procedure:

(i) The 4 resistor is removed from the circuit as shown in

Figure 13.30(b).

. Ei—E, 4-2 2
ii) Current/i = — = ==-A
( ) ! r1+r2 2+1 3
P.d. across ABE = E; — I1r = (%) (2)=2%V

(see Section 13.4(iii))
(Alternatively, p.d. across ABE = E; — 111

=2——(§>(1)=2§ V)

(i) Removing the sources of e.m.f. gives the circuit shown in

Figure 13.30(c), from which resistance

T 2+1° 3

_2x1 2
Q

(iv) The equivalent Thvenin’s circuit is shown in Figure 13.30(d), from

which,

E 22 8/3 8
current,] = =3 = =— =0571A
r+R  2+4 14/3 14

= current in the 4 Q resistor

Power dissipated in & resistor,P = I’R = (0.571)%(4) = 1.304 W

Problem 10. Use Téwvenin's theorem to determine the current

flowing in the 3Q resistance of the network shown in
Figure 13.31(a). The voltage source has negligible intern
resistance.
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1§S2 50
3ql| 100f] 200 ()Tzw
(a)
A o s0
E 100} 24v ZOQC)T
24V
° )}
(b)
0 59
A
,
— 10|l 20
Bo— &

A
R=3Q
B
Figure 13.31

(Note the symbol for an ideal voltage source in Figure 13.31(a) which
may be used as an alternative to the battery symbol.)

Following the procedure

(i) The 3Q resistance is removed from the circuit as shown in
Figure 13.31(b).

(i) The 1%9 resistance now carries no current.

. 10
P.d. across 1@ resistor= <—) 29
10+5

= 16 V (see Section 13.4(v)).
Hence p.d. across AB; = 16 V

(i) Removing the source of e.m.f. and replacing it by its internal
resistance means that the 2resistance is short-circuited as shown
in Figure 13.31(c) since its internal resistance is zero. Th&20
resistance may thus be removed as shown in Figure 13.31(d) (see
Section 13.4 (vi)).

10x 5
10+ 5

2 50
:1* 7:59
3+15

2
From Figure 13.31(d), resistance= l§ +

(iv) The equivalent Thvenin’s circuit is shown in Figure 13.31(e), from
which

16 16
r+R 345 8

= current in the 3 Q resistance

current, I =

Problem 11. A Wheatstone Bridge network is shown in
Figure 13.32(a). Calculate the current flowing in the$32esistor,
and its direction, using Tévenin’s theorem. Assume the source gf
e.m.f. to have negligible resistance.

Following the procedure:

(i) The 32%Q resistor is removed from the circuit as shown in
Figure 13.32(b)

N R. )
ii) The p.d. between A and O/ 4c = E
(i) Thep A ( ) ®
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C
2 Q 14 O
A B
11Q 3Q
D
(©
/
r=4.1630Q A
T 32 Q
D E=
11 Q 3 Q 11Q 3Q 3616 W]

(d) (e) )

Figure 13.32

R>
The p.d. between B and @3- = < ) E
p BC Rt Rs (E)

14
= <14+ 3) (54) = 4447V
Hence the p.d. between A and-B44.47 — 8.31 = 36.16 V

Point C is at a potential of+ 54 V. Between C and A is a
voltage drop of 8.31 V. Hence the voltage at point A is58.31 =
45.69 V. Between C and B is a voltage drop of 44.47 V. Hence the
voltage at point B is 54- 44.47 = 9.53 V. Since the voltage at A

is greater than at B, current must flow in the direction A to B. (See
Section 13.4 (vii)).

(i) Replacing the source of e.m.f. with a short-circuit (i.e. zero internal
resistance) gives the circuit shown in Figure 13.32(c). The circuit is
redrawn and simplified as shown in Figure 13.32(d) and (e), from
which the resistance between terminals A and B,

2x11 14x3 22 42
_ St %t 16924 2471= 41638
T ointmrs 13T +

(iv) The equivalent ThAvenin’s circuit is shown in Figure 13.32(f), from
which,

E 36.16

current/ = = =
r+Rs 41634 32

Hence the current in the 32Q resistor of Figure 13.32(a) is 1 A,
flowing from A to B
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13.6 Constant-current
source

Isc

Figure 13.33

13.7 Norton's theorem

50

r~{:}—

10V
8Q ] 10 Q
20

(a)

1 A
10V
8 O Iso
20
l B
(b)

Figure 13.34

Further problems on Thévenin's theorem may be found in Section 13.10,
problems 11 to 15, page 190.

A source of electrical energy can be represented by a source of e.m.f. in
series with a resistance. In Section 13.5, thé&viénin constant-voltage
source consisted of a constant e.nkfin series with an internal resis-
tancer. However this is not the only form of representation. A source of
electrical energy can also be represented by a constant-current source in
parallel with a resistance. It may be shown that the two forms are equiv-
alent. Anideal constant-voltage generatoris one with zero internal
resistance so that it supplies the same voltage to all loadsidéal
constant-current generator is one with infinite internal resistance so
that it supplies the same current to all loads.

Note the symbol for an ideal current source (BS 3939, 1985), shown
in Figure 13.33.

Norton’s theorem states:

‘The current that flowsin any branch of a network is the same asthat which
would flow in the branch if it were connected across a source of electrical
energy, the short-circuit current of which is equal to the current that would
flow in a short-circuit across the branch, and the internal resistance of
which is equal to the resistance which appears across the open-circuited
branch terminals.’

The procedure adopted when using Norton’s theorem is summa-
rized below.

To determine the current flowing in a resistart®f a branch AB of
an active network:

(i) short-circuit branch AB

(i) determine the short-circuit curremtc flowing in the branch

(i) remove all sources of e.m.f. and replace them by their internal
resistance (or, if a current source exists, replace with an open-
circuit), then determine the resistanctiooking-in’ at a break made
between A and B

(iv) determine the current flowing in resistanceR from the Norton
equivalent network shown in Figure 13.33, i.e.

r
| = |
(r+R) s¢

Problem 12. Use Norton's theorem to determine the currgnt
flowing in the 109 resistance for the circuit shown in
Figure 13.34(a).
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6 r=1.6 Q
10Q
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Figure 13.34 continued

Figure 13.35

Following the above procedure:

@0

(ii)

(iii)

(iv)

The branch containing the 1Q resistance is short-circuited as
shown in Figure 13.34(b).

Figure 13.34(c) is equivalent to Figure 13.34(b). Hence
Isc=0=5A

If the 10 V source of e.m.f. is removed from Figure 13.34(b) the
resistance ‘looking-in’ at a break made between A and B is given by:

_2x8
T 2+8

r =16Q

From the Norton equivalent network shown in Figure 13.34(d) the
current in the 102 resistance, by current division, is given by:

16
I=|————-)5)=0482 A
(1.6+5+10)()

as obtained previously in problem 7 usingéMenin’s theorem.

Problem 13. Use Norton’s theorem to determine the curfent
flowing in the 4 resistance shown in Figure 13.35(a).

Following the procedure:

0]
(if)
(i)

(iv)

The 4 Q branch is short-circuited as shown in Figure 13.35(b).
From Figure 13.35(b)[sc =1+ =3+ 2=4A

If the sources of e.m.f. are removed the resistance ‘looking-in’ at a
break made between A and B is given by:

2x1 2

r = = —
2+1 3
From the Norton equivalent network shown in Figure 13.35(c) the
current in the 4 resistance is given by:
[— { 2/3
- L@/3)+4

as obtained previously in problems 2, 5 and 9 using Kirchhoff's
laws and the theorems of superposition ané@vénin.

} (4) = 0571 A

Problem 14. Use Norton's theorem to determine the currgnt

flowing in the 3Q resistance of the network shown in
Figure 13.36(a). The voltage source has negligible internal
resistance.
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Figure 13.36

Following the procedure:

(i) The branch containing the @ resistance is short-circuited
as shown in Figure 13.36(b).

24

(i) From the equivalent circuit shown in Figure 13.36(c),
Isc = 5= 48 A

(iiiy If the 24 V source of e.m.f. is removed the resistance ‘looking-in’

at a break made between A and B is obtained from Figure 13.36(d)

and its equivalent circuit shown in Figure 13.36(e) and is given by:
10x5 50 1

10+5 15

3

(iv) From the Norton equivalent network shown in Figure 13.36(f) the
current in the 32 resistance is given by:

1
_ 3
- 1 2

3141243

(4.8) =2 A,

as obtained previously in problem 10 usingéVknin’s theorem

Problem 15. Determine the current flowing in the&22resistance
in the network shown in Figure 13.37(a).

Following the procedure:

(i) The 2 resistance branch
Figure 13.37(b).

is short-circuited as shown in
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8Q 40 A 80 40

Figure 13.37

13.8 Thévenin and
Norton equivalent

networks
A —0 A
5 r ISC []
0B 0B
@ )

Figure 13.38

(i) Figure 13.37(c) is equivalent to Figure 13.37(b).

6 .
Hencelgc = (m) (15) = 9 A by current division.

(iii) If the 15 A current source is replaced by an open-circuit then from
Figure 13.37(d) the resistance ‘looking-in’ at a break made between
A and B is given by (6+ 4) @ in parallel with (8+ 7) €, i.e.
_ (1015 150
"T10+15 25

(iv) From the Norton equivalent network shown in Figure 13.37(e) the
current in the 22 resistance is given by:

6 Q

6

The Thevenin and Norton networks shown in Figure 13.38 are equivalent
to each other. The resistance ‘looking-in’ at terminals AB is the same in
each of the networks, i.e.

If terminals AB in Figure 13.38(a) are short-circuited, the short-circuit
current is given byE/r. If terminals AB in Figure 13.38(b) are short-
circuited, the short-circuit current iggc. For the circuit shown in
Figure 13.38(a) to be equivalent to the circuit in Figure 13.38(b) the same
short-circuit current must flow. Thugc = E/r.

Figure 13.39 shows a source of e.nkfin series with a resistance
feeding a load resistand

E E E
From Figure 13.39] = = /r = ( 4 ) =
r+R (r+R)/r r+R/) r

. r
ie.l=——)1I
(r+R) 5¢
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Figure 13.39
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Figure 13.43

Figure 13.44

From Figure 13.40 it can be seen that, when viewed from the load, the
source appears as a source of curigptwhich is divided between and
R connected in parallel.

Thus the two representations shown in Figure 13.38 are equivalent.

Problem 16. Convert the circuit shown in Figure 13.41 to gn
equivalent Norton network.

If terminals AB in Figure 13.41 are short-circuited, the short-circuit

current/sc = 2 =5 A

The resistance ‘looking-in’ at terminals AB isQ. Hence the equiva-
lent Norton network is as shown in Figure 13.42.

Problem 17. Convert the network shown in Figure 13.43 to an
equivalent Tlvenin circuit.

The open-circuit voltageE across terminals AB in Figure 13.43 is
given by:E = (Is¢)(r) = (4)(3) = 12 V.

The resistance ‘looking-in’ at terminals AB isQ. Hence the equiva-
lent Thevenin circuit is as shown in Figure 13.44.

Problem 18. (a) Convert the circuit to the left of terminals AB
in Figure 13.45(a) to an equivalent &Venin circuit by initially
converting to a Norton equivalent circuit. (b) Determine the current
flowing in the 1.8% resistor.

(8) For the branch containing the 12 V source, converting to a Norton
equivalent circuit givedsc = 12/3=4 A and r; = 3Q. For the
branch containing the 24 V source, converting to a Norton equivalent
circuit giveslgco, = 24/2 =12 A andr, = 2 Q.
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Figure 13.45
Thus Figure 13.45(b) shows a network equivalent to Figure 13.45(a).
From Figure 13.45(b) the total short-circuit currentis 42 =16 A
3x2
and the total resistance is given bg—: =12Q
g +2
Thus Figure 13.45(b) simplifies to Figure 13.45(c).
The open-circuit voltage across AB of Figure 13.45(c),
E = (16)(1.2) = 19.2 V, and the resistance ‘looking-in" at AB is
1.2 Q. Hence the Thavenin equivalent circuit is as shown in
Figure 13.45(d).
(b) When the 1.82 resistance is connected between terminals A and B
of Figure 13.45(d) the currertflowing is given by:
19.2
=-———=64A
12+18

Problem 19. Determine by successive conversions between

Thévenin and Norton equivalent networks aé&lknin equivalent

circuit for terminals AB of Figure 13.46(a). Hence determine the

current flowing in the 20®2 resistance.

1mA
A
600 Q
1OVT GVT
2kQ 3 kQ2

Figure 13.46
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13.9 Maximum power
transfer theorem

For the branch containing the 10 V source, converting to a Norton equiv-
alent network gives

_ %(O% \L %oH]r’&eé ggglvgrténg Sé[o a Norton equiv-

For the branch containing th
alent network gives

Isc

Isc =2 mA andr, = 3 kQ.

~ 3000
Thus the network of Figure 13.46(a) converts to Figure 13.46(b).

Combining the 5 mA and 2 mA current sources gives the equivalent
network of Figure 13.46(c) where the short-circuit current for the original
two branches considered is 7 mA and the resistance is

2x3
243

Both of the Norton equivalent networks shown in Figure 13.46(c) may
be converted to Tévenin equivalent circuits. The open-circuit voltage
across CD is (& 1073)(1.2 x 10°) = 8.4 V and the resistance ‘looking-
in" at CD is 12 k.

The open-circuit voltage acrogs is (1 x 107%)(600) = 0.6 V and the
resistance ‘looking-in’ aEF is 0.6 k2. Thus Figure 13.46(c) converts to
Figure 13.46(d). Combining the two &henin circuits gives

=12 kQ.

E =84—-0.6= 7.8V and the resistance

Thus the Tlvenin equivalent circuit for terminals AB of Figure 13.46(a)
is as shown in Figure 13.46(e).

Hence the current flowing in a 2002 resistance connected between A
and B is given by:
7.8 7.8

_ _ —39mA
1800+ 200 _ 2000 m

Further problems on Norton's theorem may be found in Section 13.10,
problems 16 to 21, page 191.

The maximum power transfer theorem states:

‘The power transferred from a supply source to a load is at its maximum
when the resistance of the load is equal to the internal resistance of the
source.’

Hence, in Figure 13.47, wheth= r the power transferred from the source
to the load is a maximum.
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g

r=25Q

Figure 13.48

Figure 13.49

E=30 V]

r=15Q

Figure 13.50

Problem 20. The circuit diagram of Figure 13.48 shows dry cells
of source e.m.f. 6 V, and internal resistancg¢2 If the load resis-
tancer, is varied from 0 to 52 in 0.5 2 steps, calculate the power
dissipated by the load in each case. Plot a grapR;othorizon-
tally) against power (vertically) and determine the maximum power
dissipated.

_6
F+RL - 25
iNR,,P=1%R;,i.e.P =(24)2%0)=0W

WhenR; = 0, current/ = = 2.4 A and power dissipated

6
r+R,  254+05

WhenR; = 0.5 @, current! = 2A

and P=1%R, = (2?05 =2W

WhenR; = 1.0, current/ = =1714 A

6
25+ 1.0
and P = (1.714%(1.0)=2.94 W

With similar calculations the following table is produced:

R (R2) 0 05 10 15 20 25 3.0 35 4.0 4.5 5.0
E
r+ R,

P=1I°R (W) 0 200 294 3.38 356 3.60 3.57 3.50 3.41 3.31 3.20

I= 24 20 1714 15 1333 1.2 1.091 1.0 0.923 0.857 0.8

A graph ofR, againstP is shown in Figure 13.49The maximum value
of power is 3.60 W which occurs wherng, is 2.5, i.e. maximum
power occurs whenR; = r, which is what the maximum power transfer
theorem states.

Problem 21. A d.c. source has an open-circuit voltage of 30 V and
an internal resistance of 1G3. State the value of load resistance
that gives maximum power dissipation and determine the value| of
this power.

The circuit diagram is shown in Figure 13.50. From the maximum
power transfer theorem, for maximum power dissipation,
RL=r=15Q
30

E
r+R, 15415

From Figure 13.50, currert=

PowerP = I°R; = (10)*(1.5) = 150 W = maximum power dissipated
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Problem 22. Find the value of the load resis®r shown in

Figure 13.51(a) that gives maximum power dissipation and deter-
mine the value of this power.

Using the procedure for Hvenin’'s theorem:

() Resistance R, is removed from the circuit as shown in
Figure 13.51(b).

E=12V

r=240

(d
Figure 13.51

(i) The p.d. across AB is the same as the p.d. across the i&sistor.
12

HenceE =
(12 +3

) a5 =12V
(i) Removing the source of e.m.f. gives the circuit of Figure 13.51(c),
12x3 36
=—=24Q
1243 15
(iv) The equivalent Thvenin’s circuit supplying terminals AB is shown
in Figure 13.51(d), from which, current,= E/(r + R.)

For maximum powerR; = r = 2.4 Q. Thus current,

from which resistance; =

12

] 24124

Power, P, dissipated in loadk;, P = I°R; = (2.5)2(2.4) =15 W

Further problems on the maximum power transfer theorem may be found
in Section 13.10 following, problems 22 and 23, page 192.

Figure 13.52

13.10 Further problems Kirchhoff's laws

on d.c. circuit theory 1 Find currentds, I4 andlg in Figure 13.52

[13=2A;I4=—1A;15=3A]
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Figure 13.55

For the networks shown in Figure 13.53, find the values of the currents
marked.
[(a)Il =4AI,=-1AI3=13A
(b)I: =40A I, =60 A I3=120 A
I, =100 A Is = —80 A]

Use Kirchhoff's laws to find the current flowing in the<® resistor
of Figure 13.54 and the power dissipated in th 4esistor.

[2.162 A, 42.07 W]

Find the current flowing in the & resistor for the network shown in
Figure 13.55(a). Find also the p.d. across theZl@nd 22 resistors.

[2.715 A, 7.410 V, 3.948 V]

For the networks shown in Figure 13.55(b) find: (a) the current in the
battery, (b) the current in the 30Q resistor, (c) the current in the
90  resistor, and (d) the power dissipated in the Ib0esistor.

[(a) 6038 mA(b) 1510 mA
(c) 4528 mA(d) 3420 mWw]

For the bridge network shown in Figure 13.55(c), find the currénts
to Is.
[[1=126 A 1,=074 A I35=016 A
I,=142 A, Is=0.59 A]

Superposition theorem

Use the superposition theorem to find currehts I, and I3 of
Figure 13.56(a). I =2A1,=3A I3=5A]

Use the superposition theorem to find the current in tis& r@sistor
of Figure 13.56(b). [0.385 A]

Use the superposition theorem to find the current in each branch of
the network shown in Figure 13.56(c).

[10 V battery discharges at 1.429 A
4V battery charges at 0.857 A
Current through 1@ resistor is 0.572 A]

Use the superposition theorem to determine the current in each
branch of the arrangement shown in Figure 13.56(d).
[24 V battery charges at 1.664 A

52 V battery discharges at 3.280 A
Current in 20<2 resistor is 1.616 A]

Thévenin's theorem

Use THevenin's theorem to find the current flowing in the @4
resistor of the network shown in Figure 13.57. Find also the power
dissipated in the 142 resistor. [0.434 A, 2.64 W]
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Use Tlevenin's theorem to find the current flowing in the$%
resistor shown in Figure 13.58 and the power dissipated in tfe 4
resistor. [2.162 A, 42.07 W]

Repeat problems 7—10 usingéMenin’s theorem.

In the network shown in Figure 13.59, the battery has negligible
internal resistance. Find, using &Venin’s theorem, the current
flowing in the 4 resistor. [0.918 A]

For the bridge network shown in Figure 13.60, find the current in
the 5Q resistor, and its direction, by using &venin’s theorem.

[0.153 A from B to A]

Norton’s theorem

16
17

18

19

Repeat problems 7—-12, 14 and 15 using Norton’s theorem.

Determine the current flowing in the® resistance of the network
shown in Figure 13.61 by using Norton’s theorem. [2.5 mA]

Convert the circuits shown in Figure 13.62 to Norton equivalent

networks.
[(a)lsc=25A,}’=29
(b)[sczz mA,I’ZSQ]

Convert the networks shown in Figure 13.63 t@&Vénin equivalent

circuits.
[@E=20V,r=4Q
(B)E=12mV,r =3 Q]
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Figure 13.66

Figure 13.64 Figure 13.65

20 (a) Convertthe network to the left of terminals AB in Figure 13.64
to an equivalent Tévenin circuit by initially converting to a
Norton equivalent network.
(b) Determine the current flowing in the 18 resistance connected
between A and B in Figure 13.64.

[(Q)E=18V,r =12 (b) 6 A]

21 Determine, by successive conversions betwedvdiin and Norton
equivalent networks, a Hvenin equivalent circuit for terminals
AB of Figure 13.65. Hence determine the current flowing in 2 6
resistor connected between A and B.
[E=91V,r=1Q 11 A]

Maximum power transfer theorem

22 A d.c. source has an open-circuit voltage of 20 V and an internal
resistance of X2. Determine the value of the load resistance that
gives maximum power dissipation. Find the value of this power.

[2 2, 50 W]

23 Determine the value of the load resistaRgeshown in Figure 13.66
that gives maximum power dissipation and find the value of the
power. R.=16Q, P=576 W]
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